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ABSTRACT
An upper bound for the order of smoothness of bump functions in Banach
spaces without copy of ¢g is found in terms of lower and upper estimates
of their sequences. It is also shown that every C°°-smooth Banach space
with symmetric basis either contains ¢p or is isomorphic to €2, for some

integer n.

Introduction
We shall be concerned in this paper with smoothness of Banach spaces, in the
sense of the existence of smooth bump functions. Recall that a bump function
is a non-zero real-valued function with bounded support. The existence of such
a bump function with a prescribed order of smoothness is of special interest from
the point of view of the geometry of Banach spaces, and it is also relevant in
different problems of non linear analysis (see [DGZ] for an extensive treatment).

The order of smoothness of L? (1 < p < oo) was obtained in [BF], and the same
problem was studied in [MT;], [MT;] and [Ma] for Orlicz sequence spaces. The
connection between modulus of convexity and order of smoothness in uniformly
convex spaces was considered in [FGWZ)].

In [De;], [Des), Deville studied the geometrical structure of very smooth Ba-
nach spaces. In particular it is shown in [De,] that if X is a Banach space without
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copy of ¢g and X is not of exact cotype 2n (for some integer n) then there is
no bump function with order of smoothness better than cotype, that is, cotype
gives an upper bound for the smoothness of X. Here we shall improve this upper
bound by introducing an index I{ X) that is related to some properties of summa-
bility of sequences in X. This will be done in Section 1. It is also shown in [De,]
that if X is a C*°-smooth Banach space without copy of ¢y then X contains £5,
for some integer n. We shall prove in Section 2 that if X, in addition, has a
subsymmetric basis then X is in fact isomorphic to £5,.

Some of the techniques used here have been introduced by [Ku] and [BF] and
developed in [Me], [FWZ], [FGWZ], [De;] and [Deg). The theory of spreading
models (see [BL]) will also be useful for us.

A main tool will be the Taylor polynomial of a bump function and in this sense
we shall discuss the behaviour of polynomials against sequences with lower and
upper estimates. Recall that a map P from a real Banach space X into R is said
to be an N-homogeneous polynomial if there is an N-linear continuous form A
on X such that A(z,...,z) = P(z) for every £ €X. A polynomial of degree (at
most) N on X is a finite sum of j-homogeneous polynomials, where 1 < j < N.
We denote by Py{X) the Banach space of all polynomials of degree at most N
endowed with the usual norm:

Il PlI=Il Poll+---+ 1l Pn I,

if P= P +---+ Py and P; is a j-homogeneous polynomial (1 < j < N). For
N € N, let CN(X) denote the space of all N-times continuously differentiable
real functions on X. If z € X and f € CV(X), let f¥)(x) denote the N-th
derivative of f at x considered as an N-homogeneous polynomial on X. Given
p > 1, let N be the greatest integer strictly less than p; according to [Me] a
function f from X into R is said to be HP-smooth if f € CV¥(X) and for each
x € X there exist § > 0 and M > 0 such that

I @) - @IS My—2 PN, i ly-zll<§z-=z (<8

In the same way f is said to be uniformly HP-smooth (UHP-smooth) if f €
CN(X) and

I M @) - @IS M|~y 7Y forallz,y e X.
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The Banach space X is said to be HP-smooth (UHP-smooth, C™-smooth or
C>-smooth ) if there exists an HP-smooth (respectively UH?, C™, C*°-smooth)
bump function on X.

1. Smoothness and estimates
Let X be a real Banach space and let 1 < p,q < co. A sequence {z,} in X is

said to admit an upper p-estimate (respectively a lower q-estimate) if there

exists a constant M > 0 such that for every n € N and every a1,...,a, € R,

Il Zam 1< M(Z | a; |P)V/P

n
(respectively M(D_ | a: [P)? <[| > aiz; |)-
i=1 i=1

A Banach space X has property S, [KO] (respectively property Tq [GJ]) if
every weakly null normalized sequence in X has a subsequence that admits an
upper p-estimate (respectively lower g-estimate). Reflexive spaces with property
Sp have been studied in [CS;], [CS;).

The lower and upper indexes of a Banach space X are defined as follows:

I(X) = sup{p > 1: X has property Sp} € [1, ],
u(X) = inf{g < co: X has property T,} € [1, c0].

We refer to [GJ] for a detailed study of these indexes. We point out that if X is
not a Schur space then

I(X) <u(X) <inf{g > 1: X has cotype q}.

On the other hand, for simple examples such as X = £, ® £, (1 <1 < s < 00)
we have that r = I(X) < u(X) = s.
This section will be devoted to prove the following result

MAIN THEOREM: Suppose that X is a Banach space that does not contain any
isomorphic copy of ¢g and (X)) < oo (respectively u{X) < 00). Then:
(i) IfI(X) (respectively u(X)) is not an even integer then X is not H?-smooth
for ¢ > l(X) (respectively for ¢ > u(X)).
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(i) IfI(X) is an even integer 2n (respectively u(X) = 2m) and X is H%-smooth
for some q > 2n (respectively for ¢ > 2m) then X contains an isomorphic
copy of £y, (respectively la,,).

The proof of this theorem is divided into several partial results and we present
all the cases separately.

Throughout this paper a sequence {z,} in X is said to be Py-null if for every
M-homogeneous polynomial P on X, where M < N we have that {P(z,)} is
convergent to zero.

PrOPOSITION 1.1: Let X be a UH9-smooth space and N the greatest integer
strictly less than q. Every normalized Pn-null sequence in X has a subsequence
with an upper g-estimate.

Proof: Let f be a UH%smooth function such that f(0) = 0 and f(z) = 2 if
|| z ||> 1. There is a constant M > 0 such that if z,h € X

1Y@ +h) ~ @) < M| RN

Let Pn(z) denote the Taylor polynomial of degree N of f at z, that is, Py(z) =
fllz)+ 58 4 4 38
We shall construct a subsequence of {z,} by using an argument of induction.
Let
Qo = {Pn(0)(a1): |a1|< 1}

Then Qp is a compact set in Py(X) and Q(0) = 0 for every Q@ € Qp. Since
{zn} is a Pn-null sequence in X there exists n; € N such that | Q(z,,) |< 1/2
for every @ € Qy.

Once n; < --- < ni have been constructed, let

k
Qi = {PN(Zaizm)(akH-)z la; |<1,i=1,...,k+ 1}.
i=1
Again, Qi is a compact set in Py(X) and we may choose an integer ng4; > ng
such that | Q(zn,,,) |< 1/25+! for every Q € Q.
The subsequence {z,, } constructed in this way satisfies

k—1
! PN(Z aixni)(akxnk) |< 1/2k

=1



Vol. 89, 1995 SMOOTHNESS IN BANACH SPACES 325

for all a;,...,a, € R Therefore, if | a; |[<1fori=1,...,k:
k k k j-1
f(z aizns) = I f(z a”ixni) - f E E a'1x7h f(z aizn.‘) |
i=1 1=1 j=1 i=1
k i j-1
S Z I f(Z aixn,‘) - f(z azmn. PN Zazxn (a']an) |
i=1 =1 i=1 i=1
k i—1 k
+ Z PN(Z a;Tn, )(a;%n;) |< M( Z | a; 19) +
7=1 i=1 j=1
Then if a;,...,ar € R and (Z;zl | a; 19)1/9 = (1/M)'/9 we have that

k
f(;aiﬂ?m) < 2,

and therefore || 25 a;zn, ||< 1.
Now, if a;,...,ar € Rand a = (ZLI | a; |9)/9 > 0 we have that

k
a;
I ; mmm <1

and
k k
1D aszn, < MY g [9)V2.
i=1 j=1
Then the sequence {z,, } admits an upper g-estimate. |

We shall need the following result about weak sequential continuity of

polynomials.

PROPOSITION 1.2 ([GJ]): Let X be a Banach space. If N < l(X) then every
N-homogeneous polynomial from X into R is weakly sequentially continuous.

LEMMA 1.3: Let X be a UH9%-smooth space and N the greatest integer strictly
less than q. If N < I(X) then X has property S,.

Proof: Let {z,} be a weakly null normalized sequence. By Proposition 1.2,
{zn} is Pny-null and from Proposition 1.1 it has a subsequence with an upper
g-estimate. Therefore X has property 5. |
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THEOREM 1.4 ([F], [DGZ, V.3.1.]): Let X be a Banach space that does not
contain any isomorphic copy of ¢g. Then X is H%-smooth if and only if X is
UH?-smooth.

We now prove the main result for the case where I(X) is not an integer.

THEOREM 1.5: Let X be a Banach space that does not contain any isomorphic
copy o cg. IfI(X) is not an integer then X is not H?-smooth for ¢ > I(X).

Proof: Suppose that X is H%-smooth. Since X does not contain cg, X is UH?-
smooth by Theorem 1.4. Consider N the greatest integer strictly less than I(X)
and assume that N < ¢ < N + 1. By using Lemma 1.3 we obtain that X would
have property S, and since {(X) < g this is impossible. ]

Now we study the case where [(X) is an even integer.
LEMMA 1.6: Let X be a Banach space and let {z,} be a normalized sequence

that is Py _1-null but is not Py-null, where N is an even integer. Then {x,} has

a subsequence with a lower N-estimate.

Proof: Without loss of generality we may assume by the Bessaga-Pelczynski
selection principle that {z,} is basic and on the other hand that there exists an
N-homogeneous polynomial P such that P(z,) > a > 0 for all n.

Let z be fixed and consider the decomposition of P in the following way

P(z + h) = P(z)+ C(z; h) + P(h)

where C(z;-) is a polynomial of degree strictly less than N and C(z;0) = 0.
By using an argument of induction we shall construct a subsequence {z,, }
such that:

k
iC(Eaixn,.;akanHl) |< 1/28*Y if |a; <1, fori=1,...,k+1.
=1

In order to obtain this, at each step we consider the following compact set of
polynomials of degree at most N — 1:

k
Gr = {C( Y aizniarsa- )i las IS Li=1,.. k+1}
=1

and taking into account that {z,} is Py_;-null we may choose ng4+1 > ny such
that
| Q(xn,y,) |< 1/254 for every Q € Gi.
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Then, if ay,...,ax € Rand | a; |<1fori=1,...,k:

k k k—1 i
P(Z aixni) = Zaﬁvp(xﬂ.‘) + ZC(Z ajx"j)(ai+lxnc+1)’
i=1 =1 i=1 ji=1

k k

1 k
azaf\’— 1/2i+12a2a?’—1.
i=1

=1 i=1
Therefore

k k k

oY al) S P(Y_awn) +1<| P | D aimn, ¥ +1.

i=1 =1 =1

Let C > 1 be the basic constant of {z,}. If a1,...,ax € R and a =||
ZLI a;Tp, ||> 0 then | a; |< 2Ca for alli =1,...,k. Now,

k k
aY GEN <P > 20T 141 <l Pl +1

i=1
and

k k
ay ol <(IPI+)2VCV | aiza, |V
i=1 i=1

Then the sequence {z,, } admits a lower N-estimate. B

THEOREM 1.7: Let X be a Banach space that does not contain any isomorphic
copy of ¢o and suppose that [(X) = 2n is an even integer. If X is H9-smooth for
some q > 2n, then X contains an isomorphic copy of {s,,.

Proof: We may suppose that the greatest integer less than ¢ is 2n. First
note that by Proposition 1.1 and Theorem 1.4, X has property Ss, and from
Proposition 1.2 we have that every weakly null sequence in X is Py,_;-null.

Two cases may be given:

FIRST CASE: Every weakly null normalized basic sequence is Pz,-null. By
Lemma 1.3 we conclude that X has property S, and this is impossible.

SECOND CASE: There exists a weakly null normalized basic sequence {z} that
is Pgp,—1-null and is not Py,-null. Without loss of generality we may suppose that
{z+} admits an upper 2n-estimate. By Lemma 1.6 we have that {z;} admits a
lower 2n-estimate and therefore it is equivalent to the unit vector basis in £fs,,.
[ ]
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In order to get the main theorem for the case where I(X) is an odd integer we
need some results about spreading models and polynomials. For the following
see for instance [BL]:

Let {yn} be a weakly null normalized basic sequence in a real Banach space
X. Then there exists a subsequence {z,} such that for every k£ € N and every
ai,...,ax € R there exists

k
im | Y aizn, |
"1<"'<nk 1=1

Let cgo be the space of all sequences which are eventually zero and e, the nth
unit vector of the canonical basis for ¢gg. Then

k k
L(Zaiei) = n1<l!-r-n<m, I Zaixm I
=1 =1

for every aj,...,ar € R and k € N, defines a norm on cgy. The completion of
coo With respect to the norm L is denoted by F and is called spreading model
associated to the sequence {z,}. The sequence {e,} is an unconditional basis
in F called fundamental sequence of the spreading. In addition F has the
following properties:

(i) For every € > 0 and k € N there exists n € Nsuch that if p < ny < -+ < ng

k k

|L(Zaiei)— | Za,-acm | | <e
i=1 i=1

for every aj,...,ar € R

(ii) The sequence {e,} is invariant under spreading with respect to the norm
L, that is,

k k
L Z ae;| =1L Z Qi€n;
( i=1 ) ( i=1 )
ifni<---<nganday,...,ar €R

THEOREM 1.8: Let X be a Banach space, let {y.} be a weakly null normalized

sequence in X, and let P be an N-homogeneous polynomial on X. Then there
exists a subsequence {z,} that admits a spreading model F with fundamental
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sequence {e, }, and there exists an N-homogeneous polynomial P on F such that
forallay,...,ar € R

k k
P(Z a;e;) = lim P(Z a;ZTp,)-
i=1 i=1

ny < <ng

Proof: Consider a subsequence {z,} of {y»} that admits a spreading model F
with fundamental sequence {e,}. We shall define P using Ramsey theorem. Let
k € N and consider P*(N) the set of k-uples of different integers. Let ai,...,ax €
R be fixed and define ¢ from P*(N) into R by

k
Y(n) = P(Zaia:m), ifa=(ny,...,ng), n1<---<ng.
=1
The function 1 is bounded in P*(N), since for every A € P¥(N)

k k k
[ 9(R) I<I PO aizn) ISP - 1 Y @iz, V<P IO e DY =C.
=1 =1 =1

Consider
K, ={neP¥N): 0 < y(R) < C},

Ly = {7 € PF(N): — C < ¢(Rn) < 0}.
By Ramsey theorem (see e.g. [BL]) there exists an increasing sequence of
positive integers {al’} such that if # is formed with elements in {as,l)} then

¥{n) is in one of the subintervals [-C, 0] or [0, C]. Suppose for instance in [0, C].
Consider now the partition of P*({al'})

Ky = {neP*({aP}): 0 < ¥(r) < C/2},
Ly = {n e P*({a{P}): C/2 < ¥(m) < C}.

Again by Ramsey theorem there exists a subsequence {a$,2)} of {as.l)} such
that for all 7 formed with elements of {as,z)} we have that, for instance, ¥(n) €
[0,C/2].

In an iterative way we obtain subsequences {Ozﬁ.k)},1 for every k € N. Then, we
consider the diagonal sequence {aﬁ")} and denote A = {a&")}. By construction

there exists

ny1< - <ng;in;€EA

k k
P(E a;e;) = lim P(Z AiZn,).
i=1 i=1
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By a diagonalization procedure we may obtain that there exists an infinite
subset B of N such that for every ay,...,ax € Q, there exists

ny<-<ng;n;€EB

k k
IP(Z aie;) = lim P(Z AiTx, )
i=1 i=1

Since Q is dense in R and P is uniformly continuous on bounded sets of X it

follows that there exists

k k
P a;e;) = lim p T
(; : 1) ny < <ngini €8 (Z:lal‘ ')
for every k € N and every aj,...,ar € R Without loss of generality we may
consider that B = N taking a subsequence of {z,} that will have F' as spreading
model too. Now, define

k k
IP(Z ae;) = " <11m<me P(Z ATy,
=1 =1

Then P is defined on the space E of all finite linear combinations of {e,} and
by construction

k k
P> aies) <|| P || -L>_ aies)™
=1 =1

for every k € N and every aj,...,ax € R In order to prove that P is an N-
homogeneous polynomial on E by [BS] we only need to check the following:

(i) For every fixed a,b € E the function P(a + tb) is a polynomial in ¢ of degree
at most N. Indeed, choose m € N such that a = Y .- a;z; and b = S bz
then

Pla+tb)= lim P n.(t)

where Py, . (1) = P(Z;’;l(ai + tb;)zy,,) is a polynomial of degree at most N
in R. Then P(a + tb) is a pointwise limit of polynomials in R of degree at most
N.

(ii) P(ta) = t"P(a), and this is clear.

Since E is dense in F and P is uniformly continuous on bounded sets of E we
can extend P to an N-homogeneous polynomial from F into R and by continuity
we have

|P(z) |<|| P||- ||z ||¥ foreveryzeF. &
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PROPOSITION 1.9: Let X be a Banach space with unconditional basis {z,}.
Suppose that there exists an N-homogeneous polynomial P on X such that
P(z,) > a > 0 for every n € N. Then the sequence {z,} admits a lower
N-estimate.

Proof: We consider X the complexified space of X, endowed with the norm

| £+ iy ||= sup | zcosf+ ysiné ||
0<6<1

Then {x,} is an unconditional basis in X and P admits a unique extension to
a polynomial P from X into C, and there exists a N-linear continuous map A
from X x --- x X into C such that P(z) = A(z,...,z) for all z € X.

Let {s,(t)} be the Generalized Rademacher Functions introduced in [AG].
These functions are defined as follows: Fix N € N, and let a; = 1,a9,...,an
denote the N-roots of unity. Let sy: [0,1] — C be the step function taking the
value a; on (-%1, 41%) for j = 1,2,...,N. Then, assuming that s,_; has been
defined, define s, in the usual way; fix any of the N™~! subintervals I of [0,1]
used in the definition of s,_;, divide I into N equal intervals I, ..., Iy, and set

sn(t) = a; if t € I;. The sequence of functions {s,} satisfies that | s,(t) |= 1

and they are orthogonal in the sense that for every k1,...,ky €N
! 1, ifig=-=iy
/0 Siy (t) <o Siy (t) = {0, otherwise.

Then, if a,...,a, € R,

n n n 1 n
oY LoV <Y e N Ple) =3 Pllas |2 = [ P3| st)ao
=1 =1 i=1

=1

L, n
=/0 A(Z | ai | s:(t)mis- ey | i | s"(t)x")dt

=1 =1
1 n n
< /0 FAN-1Y Tai | sz (V<AL CY Y @i |V
i=1 i=1
where C is the basic constant of {x,, }. Therefore {z,} admits a lower N-estimate.

LEMMA 1.10: Let X be a Banach space and let {y,} be a normalized Py _;-null
sequence in X, where N is an odd integer. Let Py,..., P, be N-homogeneous
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polynomials on X and let € > 0. Then there exist 7 € N and a subsequence {z,,}
of {yn} such that | Pi(z, — zm) |< e, if n<n<mandi=1,...,s

Proof: Let {x,} be a subsequence of {y, } that admits a spreading model F with
fundamental sequence {e,}. Taking a subsequence if necessary, by Theorem 1.8
there exist polynomials Py,...,P, associated to P,..., P, verifying

k k
P ajes) = Jim P ajen,)
j=1 j=1

Let us denote a, = limp, Pr(zn,) = P.(e,) foralln € Nandeachr =1,...,s
We are going to see that

k k
N
(1) P.(> az;)=0a, ) af,
i=1 i=1
for every r = 1,...,s and every aj,...,ar € R.

Fix a1,...,ax € R. Then

k k-1 j
P. (Z AjTn;) = Za P.(zn;) + ZC,(Z QiTn,; Qj4+1%n;4, )5
= Jj=1 j=1 i=1

where C,.(z;-) is a polynomial of degree strictly less than N. By Proposition 1.2,
{zn} is a Py_1-null sequence. Using the same procedure as in Proposition 1.1,
if § > 0 and m € N are given we can choose m < n; < --- < nj such that

J

§

(2) | Cr(z aimna;aj+1m"j+l) I< E
i=1

Therefore, since there exists

k k k
lim | P( E ajTn;) — E a) Pr(zn;)| = lim_ P E aJ:I:,,J —a, E a
1< <ng — — d n1<<ng =1
J= i= =

by (2) this limit has to be necessarily 0, and this proves (1). Then P.(e; —eg) =
a-(1V 4+ (=1)N) = 0 and there exists, 'by definition of P,, some 1 € N such that
ifn<n<m,

| Po(zn — 2m) |[< €

for every r = 1,..., s as we required. 1

We need the following result analogous to Lemma 1.6.
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LEMMA 1.11: Let X be a Banach space and let {z,} be a normalized sequence
that is Py_1-null but is not Py-null. Then {x,} has a subsequence with a lower

r-estimate for every r > N.

Proof: Taking a subsequence if necessary we may suppose that there exists an V-
homogeneous polynomial P on X such that P(z,) > 1 for all n and {z,} admits
a spreading model F with fundamental sequence {e,}. By Theorem 1.8 there
exists an N-homogeneus polynomial P on F such that, in particular, P(e,) > 1
for all n. By Proposition 1.9 the sequence {e,} admits a lower N-estimate in F.
The result now follows from [GJ]. |

THEOREM 1.12: Let X be a Banach space without any isomorphic copy of cg.
Suppose that I(X) = N is an odd integer. Then X is not HP-smooth if p > N.

Proof: We may suppose that N < p < N + 1. Since X does not contain cg, X
is UHP-smooth by Theorem 1.4. On the other hand by Proposition 1.2 every
polynomial of degree at most N — 1 is weakly sequentially continuous. Two cases
may be given:

FIRST CASE: Every polynomial of degree N is weakly sequentially continuous
at zero. Then every weakly null sequence in X is Py-null and by Proposition 1.1
it follows that X has property Sp,. This is impossible since p > N.

SECOND CASE: There exists an /N-homogeneous polynomial on X that is not
weakly sequentially continuous at zero. Let {z,} be a weakly null normalized
sequence and let P be an N-homogeneous polynomial on X such that P(z,) >
o > 0 for all n. By Lemma 1.11 we may suppose, taking a subsequence, that
{zn} has a lower r-estimate for all r > N. Fix g such that N < ¢ < p. There is
a constant D > 0 such that if ay,...,0, € R,

3) Q- lai <D Y a ]l
i=1 i=1

Now consider a UHP-smooth function f from X into R such that f(0) = 0 and
f(x)=2if || z ||> 1. There is a constant C > 0 such that for all z,y € X

V(@) - M) IsCllz—y PV

Denote by Pi(z) the Taylor polynomial of degree k of f at x, and let Qn(z) =

(=)
N
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Next we are going to construct by induction a block basis {y,} of {z,}. Let
€ > 0 be fixed and N < ¢ < p. Then there exists 0 < a < % such that if
2 ]I< 2a

| M@+ k) = V@) <l p)eN.

Let yo = 0 and consider

fo = {PN_l(O)(el-): g1 = :f:l},
Go = {Qn(0)(e1-): &1 = £1}.

Since Gy is a finite set of polynomials of degree N it follows from Lemma 1.10

that there exist an infinite set A; of N and some 7 € N such that
1 .
| Qlax,, —axm,) |< T for all ny,m; € A; with n < n; < my, and all @ € G.

Since Fy is a finite set of polynomials of degree at most N — 1 and {az,} is
Pn —1-null we may choose ny,m; € A; such that n < n; < m; and

1
| Ploxn, — atm,) |< 7 for all P € Fy.

Then, we define y; = az,, — azmy,,. Once we have constructed y, = oy, —

0T, With mg_1 < ng <my for 1 £ k <7, consider

Fr = {PN‘I(Z eiyi)(erpr)i s = £1,i=1,...,7r+ 1},

=1

G- ={@n(D_cip)(ersr) e =tli=1,...,r+1}
i=1
We may choose 1,41, mry1 € N, with m, < n.4; < m,41 such that

1
[Q(azn,,, —atm, ,.)|< 2 for every @ € F,. UG;.

Now define y,41 = oy, ,, — 0Zm,,,. Then, since || y ||< 2« for each 7,

r—1

Jf(z &iyi) — f(z EiYi)
i=1

i=1

r r—1 r—1
<A ) = 1 eaw) - Pu (Y iderne)
=1 =1 =1

<elly 1T 4+1/27H #1727

+ ‘PN—I(i &y )(eryr)| + ‘QN(_X_: eiyi)(yr)
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Since {z,} is a basic sequence, we have that {|| y; ||} is not convergent to zero.

Since X does not contain co, by the results of Bessaga—Pelczynski in [BP] the set

K= {Sr_:eiyi:si =+1, re N}
i=1

is not bounded. Therefore there exist a choice of signs ¢; = £1 and r € N such
that

r—1 T
1) ewli<t and || e l>1.
=1 i=1

Then, using (3),

r—1

r—1 r—1
YNwlr <) (a+a)<20Y (o +0a9)
i=1 i=1 1

r—1
<2907 || Y ei(amn, — azm,) |17< (2D)°

i=1

Now,
2 =| f(i eiyi) — f(0) |[<e(2D)? +eca+1<e((2D)? +1) + 1,
i=1

and by choosing ¢ < (TD%+—1’ we get a contradiction. [ |

Analogous results can be also obtained for u(X) instead of I(X), as we shall
see in the following theorem.

THEOREM 1.13: Suppose that X is a Banach space that does not contain any
isomorphic copy of ¢q and u(X) < 0.
(i) If u(X) is not an even integer then X is not HP-smooth for p > u(X).
(i) Ifu(X) = 2n is an even integer and X is HP-smooth for some p > 2n then
X contains an isomorphic copy of £y,,.

Proof: Consider N the greatest integer less than u(X) and let u(X) < p < N+1.
Suppose that X is HP-smooth; in particular X is not a Schur space and there
exist weakly null normalized sequences in X. Two cases may be given:

FIRST CASE: There exists a weakly null normalized sequence {x,} that is Py-
null. Since X is HP-smooth, by Proposition 1.1,{z,} has a subsequence {z,,}
with an upper p-estimate. Let p > ¢ > u(X); since X has property T, some
subsequence of {z,, } should have a lower g-estimate and this is impossible.
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SECOND CASE: No weakly null normalized sequence in X is Py-null. It follows
from Lemma 1.11 that X has property T, for all r > N and then u(X) = N.
Now fix N -1 < r < N. Since X has not property T, there exists a sequence
{zn} such that no subsequence of it has a lower r-estimate, and again by Lemma
1.11 {zp} is Py_1-null. In the case that N = 2n is an even integer we obtain
from Proposition 1.1 and Lemma 1.11 that {x,,} has a subsequence equivalent to
the unit vector basis of £5,. In the case that N is an odd integer we proceed as
in Theorem 1.12 to obtain a contradiction. |

As a consequence of the main theorem we obtain the following

COROLLARY 1.14: If X is a C*-smooth Banach space that does not contain an
isomorphic copy of ¢ then I(X) = 2n and u(X) = 2m are even integers. Besides,
the following are equivalent:
(i) X contains an isomorphic copy of £a.
(ii) There is a subspace Y of X such that [(Y) = 2k.
(iii) There is a subspace Y of X such that u(Y) = 2k.
In particular X contains a copy of £3, and la,.

2. C*°-smooth spaces with subsymmetric basis

In this section we are going to see that the existence of a subsymmetric-basis has
a strong impact on the structure of C°°-smooth Banach spaces.

Recall that a basis {e,} of a Banach space X is said to be subsymmetric
if it is unconditional and, for every increasing sequence {n;} of integers, {e,,}
is equivalent to {e,}. It is well known (see e.g. [LT;]) that if X has a sub-
symmetric basis then it admits an equivalent norm for which {e,} is invariant
under spreading, that is

k k
H § i ' - “ Z aieni
=1 i=1

for every k € N and a,,...,ar € R. We shall always consider this norm on X.

THEOREM 2.1: Let X be a Banach space with subsymmetric basis {ex}. Assume
that X does not contain any isomorphic copy of ¢y and contains an isomorphic
copy of €y,. Then X is C*"-smooth if and only if X is isomorphic to £a,,.

Proof: Suppose that X is C?"-smooth. Then X is superreflexive (see, for in-
stance, [DGZ]) and therefore {ei} is weakly null. Now two cases may be given.
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FIRST CASE: There is an integer m,2 < m < 2n, such that {ex} is Pp_1-
null and is not Pp,-null. Combining Propositions 1.1 and 1.9 we obtain that
{ex} has a subsequence with both a lower and upper m-estimate. Since {ex} is

subsymmetric it follows that X is isomorphic to ¢,, and therefore m = 2n.

SECOND CASE: The sequence {ex} is Pa,-null. Since {ex} is subsymmetric, the
spreading model built over {ex} coincides with X. Therefore if P is a polynomial
of degree 2n on X and P is the associated polynomial given by Theorem 1.8, it

is easily seen that

< <ng

k k
(4) P ae)= lim  P() aen)=0
i=1 1=1

for every k € N and every a,,...,a; € R.

By a standard perturbation argument we may choose a normalized block basis
{xx} of {ex} that is equivalent to the unit vector basis of £5,,. There is a sequence
of finite integers blocks F; < Fj < - such that

x; = Z aji€;.
JjEF:

Now let f be a C?"-smooth function such that f(0) = 0 and f(z) = 3 if
|l z]|> 1. Let € > 0 be fixed and let P(z) denote the Taylor polynomial of degree
2n of f at x. For x € X consider

Ma)=sup{8 < 1t || P (e +h) ~ f*(z) < e, | B |I< 6)

We start with yo = 0 and let a; = 1(292. By (4) we may choose an injection
o1: Fi — N such that o1(7) < 01(j') if 7 < j' and
1
| PO Y ae0) 1< 5
JjER

Then define y; = a3 ZjeFl
for ¢ = 1,...,7 such that 0;(j) < a:(j") if § < §/, o1(F1) < -+ < o.(F))
and ¥; = a; zjeF,- ajeq,(;) Where a; = %/\(yl + -+ yi—1). Then we consider

aje,, (j)- Suppose we have constructed o;: F; — N

P(y; + --- + y-) and again by (4) we can choose an injection o,41: Fry1 — N
such that ¢,41(j) < or41(j’) if j < §', 0, (F;) < 0r41(Fr41) and

1
| P(y1 + - + ¥r)(@r 1 E ajeﬂr+1(j)) I< 2r+1’

JEFr41



338 R. GONZALO AND J. A, JARAMILLO Isr. J. Math.
where a,41 = %x\(yl + -+ +y,). Now define

Yrgl = Qrg1 Z ajearﬂ(j).

j€F1
Then
r r—1 r r—1 r—1
FO-w) = FO_w) 1L FO_w) = FO_w) — PO_wi)(w.) |
(5) i=1 =1 i=1 i=1 i=1
= Zn 1 2n 1
+ | P( Zlyz () 1<elly |l 2T+1 =ea;” + ort1’

Since {z,} has a lower 2n-estimate, there exists C > 0 such that

Z la; "< C I Zazw1 2

i=1

and therefore

1 T
Zy, ~10) 1€ (e L I 4 ) < Ce | Y 7 41

1=0 1=0
(6) , ,
=eC Y o Y ajei I +1=c || Y i Y ajeq,) 17 +1.
i=0  jEF i=0  jeF;

Suppose that the set K = {37 _, yn: r € N} is bounded. Since {y,} is uncon-
ditional and X does not contain cg, by [BP] the series Y ., y; is unconditionally
convergent and K is relatively compact. Therefore

ME) =sup{6 < 1: || [z +h) = f*(z) [[<e, RIS z€K}>0

and a, > A(K)/2 > 0 for all n. But this is impossible, since a,, <|| y» || and the
sequence {|| y» ||} is convergent to 0.
Hence K is not bounded and we may choose r € N such that

r—1 r
1Y wl<t  and Y ml>1
i=1 i=1

From (5) and (6) we obtain that
3=|f (Z i) -

<l FQ w) - Zy, |+|f2y, - fO) [Se(C+1) +2.
i=1
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It follows a contradiction by choosing € < E}ﬁ |
By using Corollary 1.14 and Theorem 2.1 we obtain

COROLLARY 2.2: Let X be a C*°-smooth Banach space with subsymmetric ba-
sis. Then either X contains an isomorphic copy of ¢g or X is isomorphic to £,
for some integer n.

Remark 2.3: We note that C*-smooth Banach spaces containing ¢y and with
subsymmetric basis need not be isomorphic to ¢p. Consider for instance the Orlicz
sequence space hps where M (t) = texp{—1/t}. As shown in [MT] the space Ay
is C*°-smooth, has symmetric basis and contains ¢g but is not isomorphic to cg.

Next we are going to apply our results to some well known classes of Banach
spaces with symmetric basis. Recall that a basis is said to be symmetric if it is
equivalent to each of its permutations. Every symmetric basis is subsymmetric
(LTq].

Let M be an Orlicz function that satisfies Ao-property and £, the Orlicz
sequence space associated to M. The lower Boyd index associated to M (see,
e.g., [LT;]) is defined by
M(uv)

upM(v):0<u,v§ 1} <oo}.

apf = sup {pz 1: sup{

For these spaces {(£pr) = aar (see [K]) and it is shown in [Ma] that £, is H9-
smooth if ¢ < I(€pr). The exact order of smoothness of £)s has been computed
in [Ma], [MT,] and [MT,]. Some of the results obtained there can be derived as

a consequence of Theorem 2.1.

COROLLARY 2.4: Let £y be the Orlicz sequence space associated to an Orlicz
function M that verifies the A,-property.

(1) If ap = 2k is an even integer and £y is C**-smooth then ¢y is isomorphic

to foy.

(it) £ar is H*M-smooth if and only if {5 has property S,,, .
Proof: (i) Since £ has symmetric basis and contains £ [LT ], the result follows
from Theorem 2.1.

(ii) By combining the results in [Ma] and [K] we obtain that if £3; has property
Say then X is H*M-smooth. The converse follows from Lemma 1.3. |

Let d(w,p) be the Lorentz sequence space associated to a real decreasing to
zero sequence w = {w,} and p > 1 (see [LT,]). Since d(w,p) contains £, it is
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not H%-smooth if ¢ > p and p is not an even integer. Using again Theorem 2.1
we obtain

COROLLARY 2.5: The Banach space d(w, 2k) is not C**-smooth.

Remark 2.6: Let X be a Banach space without any copy of ¢y and such that
[(X) is not an even integer. We have seen in Section 1 that, in this case, I(X)
is an upper bound for the order of smoothness of bump functions on X. This
bound is sharp for sequence spaces such as X = £, X = £, ®{; or X = {y.
Indeed, in these cases X is H"-smooth for » < I(X) and X is not H"-smooth
for » > I(X). On the other hand there are examples where X is not H"-smooth
where 7 = [(X); consider for instance the Orlicz sequence space £3s associated to
the Orlicz function M (t) = —t?logt (1 < p < 00). Here I(¢pr) = p and using [K]
and Lemma 1.3 it follows that £s is not HP-smooth.
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