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ABSTRACT 

An upper bound for the order of smoothness of bump functions in Banach 

spaces without  copy of co is found in terms of lower and upper  est imates 

of their sequences. It is also shown that  every C°° - smooth  Banach space 

with symmetric  basis either contains co or is isomorphic to ~2n for some 

integer n. 

Introduct ion  

We shall be concerned in this paper with smoothness of Banach spaces, in the 

sense of the existence of smooth bump functions. Recall that  a b u m p  function 

is a non-zero real-valued function with bounded support. The existence of such 

a bump function with a prescribed order of smoothness is of special interest from 

the point of view of the geometry of Banach spaces, and it is also relevant in 

different problems of non linear analysis (see [DGZ] for an extensive treatment). 

The order of smoothness of L p (1 < p < oo) was obtained in [BF], and the same 

problem was studied in [MT1], [MT2] and [Ma] for Orlicz sequence spaces. The 

connection between modulus of convexity and order of smoothness in uniformly 

convex spaces was considered in [FGWZ]. 

In [De1], [De2], Deville studied the geometrical structure of very smooth Ba- 

nach spaces. In particular it is shown in [Dell that  if X is a Banach space without 
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copy of co and X is not of exact cotype 2n (for some integer n) then there is 

no bump function with order of smoothness bet ter  than cotype, that is, cotype 

gives an upper bound for the smoothness of X. Here we shall improve this upper 

bound by introducing an index l(X) that  is related to some properties of summa- 

bility of sequences in X. This will be done in Section 1. It is also shown in [De1] 

that  if X is a C~¢-smooth Banach space without copy of co then X contains g2n 

for some integer n. We shall prove in Section 2 that if X, in addition, has a 

subsymmetric basis then X is in fact isomorphic to ~2n. 

Some of the techniques used here have been introduced by [Ku] and [BF] and 

developed in [Me], [FWZ], [FGWZ], [Dell and [De2]. The theory of spreading 

models (see [BL]) will also be useful for us. 

A main tool will be the Taylor polynomial of a bump function and in this sense 

we shall discuss the behaviour of polynomials against sequences with lower and 

upper estimates. Recall that a map P from a real Banach space X into ~ is said 

to be an N-homogeneous polynomial if there is an N-linear continuous form A 

on X such that A ( x , . . . ,  x) = P(x) for every x EX. A polynomial of degree (at 

most) N on X is a finite sum of j-homogeneous polynomials, where 1 _< j _< N. 

We denote by 7)N(X) the Banach space of all polynomials of degree at most N 

endowed with the usual norm: 

II P I1=11 Po II + . . - +  II PN II, 

if P = P1 + "'" + PN and Pj is a j-homogeneous polynomial (1 _< j _< N).  For 

N E N, let c N ( x )  denote the space of all N-times continuously differentiable 

real functions on X. If x E X and f e cN(x ) ,  let fN)(x) denote the N-th  

derivative of f at x considered as an N-homogeneous polynomial on X. Given 

p > 1, let N be the greatest integer strictly less than p; according to [Me] a 

function f from X into ~ is said to be I-IV-smooth if f E CN(X) and for each 

x E X there exist ~ > 0 and M > 0 such that 

II sN)(Y) - YN)(z) I1~ M II Y - z II p - N ,  if II y - x I1~ ~, II z - x I1~ ~. 

In the same way f is said to be u n i f o r m l y  H P - s m o o t h  (UHP-smooth) if f E 

c N ( x )  and 

II f g ) ( x )  - fN) (y )  I1~ M II x - y [I p - g  for all x,  y E X. 
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The Banach space X is said to be HP-smoo th  (UHP-smooth, C'~-smooth or 

C~-smooth ) if there exists an HP-smooth (respectively UHq, C ~, C~-smooth)  

bump function on X. 

1. S m o o t h n e s s  a n d  e s t i m a t e s  

Let X be a real Banach space and let 1 < p,q < co. A sequence {xn} in X is 

said to admit an u p p e r  p - e s t i m a t e  (respectively a lower q -e s t ima te )  if there 

exists a constant M > 0 such that  for every n • N and every a l , . . . ,  an • R, 

n 

il II<_ M(~lai IP) 'Ip 
i = 1  i = 1  

n n 

(respectively M ( Z  l ai Iv) lIp <-H E aixl II). 
i = 1  i = 1  

A Banach space X has p r o p e r t y  Sp [KO] (respectively p r o p e r t y  Tq [GJ]) if 

every weakly null normalized sequence in X has a subsequence that  admits an 

upper p-estimate (respectively lower q-estimate). Reflexive spaces with property 

Sp have been studied in [CS1], [CS2]. 

The lower and upper indexes of a Banach space X are defined as follows: 

l(X) = sup{p > 1: X has property Sp} • [1, oc], 

u(X) = inf{q _< co: X has property Tq} • [1, c~]. 

We refer to [GJ] for a detailed study of these indexes. We point out that  if X is 

not a Schur space then 

l(X) <_ u(X) <_ inf{q >_ h X has cotype q}. 

On the other hand, for simple examples such as X = g~ ~ g8 (1 < r < s < oc) 

we have that r = l(X) < u(X) = s. 

This section will be devoted to prove the following result 

MAIN THEOREM: Suppose that X is a Banach space that does not contain any 

isomorphic copy of Co and l(X) < oo (respectively u(X) < oo). Then: 

(i) I l l (X)  (respectively u( X ) ) is not an even integer then X is not Hq-smooth 

for q > l(X) (respectively for q > u(X)). 
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(ii) I l l (X)  is an even integer 2n (respectively u(X) = 2m) and X is Hq-smooth 

for some q > 2n (respectively [or q > 2rn) then X contains an isomorphic 

copy of £2,~ (respectively t?2r~). 

The proof of this theorem is divided into several partial results and we present 

all the cases separately. 

Throughout this paper a sequence (xn} in X is said to be PN-nul l  if for every 

M-homogeneous polynomial P on X,  where M < N we have that  {P(xn)} is 

convergent to zero. 

PROPOSITION 1.1: Let X be a UHq-smooth space and N the greatest integer 

strictly less than q. Every normalized PN-nu11 sequence in X has a subsequence 

with an upper q-estimate. 

Proo~ Let f be a UHq-smooth function such that f (0)  = 0 and f (x)  = 2 if 

II x II--- 1. There is a constant M > 0 such that  i fx ,  h E X 

II fN)( x + h) - fN)(x)  I1~ M II h II q - N  . 

Let PN (x) denote the Taylor polynomial of degree N of f at x, that  is, PN (x) = 
+ . . . +  F')(x) 

y'(x) + 5! N! 
We shall construct a subsequence of {xn} by using an argument of induction. 

Let 

QO = {PN(O)(al'): l al I< 1}. 

Then Qo is a compact set in "PN(X) and Q(0) = 0 for every Q E Qo. Since 

{x,~} is a :PN-null sequence in X there exists nl  e 1~1 such that  I Q(xn,) I< 1/2 

for every Q E Qo- 

Once nl  < --- < nk have been constructed, let 

k 

Qk = {PN(Ea~xm)(ak+l"): l a, I ~ _ 1 , i = 1 , . . . , k  +1} .  
i = l  

Again, Qk is a compact set in "PN(X) and we may choose an integer nk+l > nk 

such that I Q(x,~+,) I< 1/2 k+l for every Q e Qk. 

The subsequence {xn~ } constructed in this way satisfies 

k - 1  

J PN(~_a~x,,,)(akx,,~) I< 1/2 k 
i----1 
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for all a l , . . . ,  ak E N. Therefore, if ] ai I_< 1 for i = 1 , . . . ,  k: 

k k k j j -1  

f ( Z  aiXn,) = ] f ( ~  aixn , ) -  f(O) I< E l : ( E  : ( E  a, xo,) l 
i=1 i=1 j = l  i=1 i=1 

k j j - 1  j - 1  

<- Z Is (Z  - a xn,)- PN(Z a,xo,)(ajxoj) n 
j = l  i=1 i=1 i = l  

k j-1 k 
+ ~ I P N ( Z  a,x..)(~jx.~)I< M(~] I ~j L q) + 1. 

j = l  i=1 j = l  

Then if a l , . . . ,  ak C R and (~=1  I aj Iq) 1/q = (l /M) 1/q we have that 

k 

i--1 

and therefore 11 k E i = I  aixn, II--- 1. 
Now, if a l , . . . ,  a~ E R and a = ( ~ = 1  [ aj ]q) 1/q > 0 we have that 

k 
ai 

II ~ aM1/qxn, II- < 1 
i=1 

and 
k k 

II Z aixn, 11< M a / q ( Z  [ aj [q)l/q. 
i=1 j = l  

Then the sequence {xnk } admits an upper q-estimate. | 

We shall need the following result about weak sequential continuity of 

polynomials. 

PROPOSITION 1.2 ([GJ]): Let X be a Banach space. If  N < l(X) then every 
N-homogeneous polynomial from X into ~ is weakly sequentially continuous. 

LEMMA 1.3: Let X be a UHq-smooth space and N the greatest integer strictly 
less than q. If N < l(X) then X has property Sq. 

Proof" Let {x,~} be a weakly null normalized sequence. By Proposition 1.2, 

{xn} is PN-null and from Proposition 1.1 it has a subsequence with an upper 

q-estimate. Therefore X has property Sq. | 
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THEOREM 1.4 ([F], [DGZ, V.3.1.]): Let X be a Banach space that does not 

contain any isomorphic copy of Co. Then X is Hq-smooth i f  and only if  X is 

UI~-smooth. 

We now prove the main result for the case where l (X)  is not an integer. 

THEOREM 1.5: Let X be a Banach space that does not contain any isomorphic 

copy o co. I l l ( X )  is not an integer then X is not Hq-smooth for q > l (X) .  

Proof'. Suppose that X is Hq-smooth. Since X does not contain Co, X is UH q- 

smooth by Theorem 1.4. Consider N the greatest integer strictly less than l (X)  

and assume that N <: q < N + 1. By using Lemma 1.3 we obtain that X would 

have property Sq and since l (X)  < q this is impossible. | 

Now we study the case where l (X)  is an even integer. 

LEMMA 1.6: Let X be a Banach space and let {xn} be a normalized sequence 

that is 7~N_l-null but is not "PN-null, where N is an even integer. Then {xn} has 

a subsequence with a lower N-estimate. 

Proof." Without loss of generality we may assume by the Bessaga-Pelczynski 

selection principle that  {x~} is basic and on the other hand that there exists an 

N-homogeneous polynomial P such that P(xn)  _~ a > 0 for all n. 

Let x be fixed and consider the decomposition of P in the following way 

P(x  + h) = P(x)  + C(x; h) + P(h) 

where C(x; .) is a polynomial of degree strictly less than N and C(x; O) = O. 

By using an argument of induction we shall construct a subsequence { x ~  } 

such that: 

k 

C ( E a i x n , ; a k + l X n ~ + l ) [ < l / 2 k + l  if [ ai I_< 1, f o r i = l , . . . , k + l .  
i----1 

In order to obtain this, at each step we consider the following compact set of 

polynomials of degree at most N - 1: 

k 

Gk={C(Eaixn,;ak+l'): lail<_l,i=l,...,k+l} 
i--1 

and taking into account that  {xn} is PN_l-null  we may choose nk+l > nk such 

that 

I Q(xnk+l) [< 1/2 k+l for every Q e Gk. 



Vol. 89, 1995  S M O O T H N E S S  IN B A N A C H  S P A C E S  327  

Then, if a l , . . . , a k  E N and ]ai 1 ~  1 for i = 1 , . . . , k :  

k k k - 1  i 

P ( Z  a , x . , ) :  Z a N p ( x . , ) +  Z C ( Z  ajxn,)(ai+lxn,+~), 
i = 1  i = 1  i = 1  j = l  

k k - I  k 

i = 1  i = 1  i = 1  

Therefore 

k k k 

a ( Z  aN) < P ( Z  aix,~,) + 1 <-I] P }]" ]1 Z a~xn, ]l N +1. 
i = 1  i = 1  i = 1  

Let C > 1 be the basic constant of {xn}. If a x , . . . , a k  E R and a =[[ 
k ~i=1 aix~, [[> 0 then [ ai ]< 2Ca for all i = 1 , . . . ,  k. Now, 

and 

O~ 

k k 

-~aXn, t[ +1 -<[I P [I +1 
i = 1  i = 1  

k k 

C _< (ll P II +1)2Nc NII II N 
i = 1  i = 1  

Then the sequence {xnk } admits a lower N-estimate. | 

THEOREM 1.7: Let X be a Banach space that does not contain any isomorphic 

copy of co and suppose that l(X) = 2n is an even integer. / / 'X is Hq-smooth for 
some q > 2n, then X contains an isomorphic copy of g2~. 

Proo~ We may suppose that the greatest integer less than q is 2n. First 

note that by Proposition 1.1 and Theorem 1.4, X has property S2n and from 

Proposition 1.2 we have that every weakly null sequence in X is 7~2~_l-null. 

Two cases may be given: 

FIRST C A S E :  Every weakly null normalized basic sequence is P2n-null. By 

Lemma 1.3 we conclude that  X has property Sq and this is impossible. 

SECOND C A S E :  There exists a weakly null normalized basic sequence {xk} that 

is P2n-l-null and is not P2n-null. Without loss of generality we may suppose that 

{xk} admits an upper 2n-estimate. By Lemma 1.6 we have that  {Xk} admits a 

lower 2n-estimate and therefore it is equivalent to the unit vector basis in g2n. 
| 
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In order to get the main theorem for the case where l(X) is an odd integer we 

need some results about spreading models and polynomials. For the following 

see for instance [BL]: 

Let {y,~} be a weakly null normalized basic sequence in a real Banach space 

X. Then there exists a subsequence {x,~} such that  for every k E N and every 

a l , . . . ,  ak E R there exists 

k 

nl<...<n~ 
i=1  

Let coo be the space of all sequences which are eventually zero and en the n th 

unit vector of the canonical basis for coo. Then 

k k 

L ( E a i e i ) =  lim [[ E a / x n ,  ][ 
n l < . . . < n / ¢  

i=1  i=1  

for every a l , . . . ,  ak E R and k E N, defines a norm on coo. The completion of 

Coo with respect to the norm L is denoted by F and is called s p r e a d i n g  m o d e l  

associated to the sequence {xn}. The sequence {en} is an unconditional basis 

in F called f u n d a m e n t a l  s e q u e n c e  of the spreading. In addition F has the 

following properties: 

(i) For every e > 0 and k E N there exists y E N such that if 7/< nl  < • .. < nk 

k k 

I L ( E a i e i ) - I I  Ea,x ,~ ,  I i I < ¢  
i=1  i = l  

for every a l ,  • • • ,  ak E R. 

(ii) The sequence {e~} is invariant under spreading with respect to the norm 

L, that  is, 
k k 

i----1 i=1  

i f n l  < . . .  < nk and a l , . . . , a k  E R. 

THEOREM 1.8: Let X be a Banach space, let (yn} be a weakly null normalized 

sequence in X ,  and let P be an N-homogeneous polynomial on X.  Then there 

exists a subsequence {xn} that admits a spreading model F with fundamental 
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sequence {e~}, and there exists an N-homogeneous polynomial F on F such that 
for all a l , . . . ,  ak • R 

k k 

P ( E  a,e,) = lim P ( E  a,x,~,). 
n l < . . . < n k  

i = 1  i = 1  

Proof: Consider a subsequence {xn} of {y,~} that admits a spreading model F 

with fundamental sequence {e,~}. We shall define P using Ramsey theorem. Let 

k • N and consider Pk(N) the set of k-uples of different integers. Let a l , . . . ,  ak • 
R be fixed and define ¢ from Pk(N) into R by 

k 

¢(5) = P ( E  aix,~,), 
i = l  

if 5 = ( n l  . . . .  , n k ) ,  nl < . . . < n k .  

The function ¢ is bounded in Pk(N), since for every 5 • Pk(N) 

k k k 

1¢(fi) I-<l P ( E  a,xn,) I<-II P It" H E aix~, ItN <-II P II ( E  l ai I) N = c.  
i-----1 i = l  i = 1  

Consider 
g l  = {fi • ~Ok(N): 0 ~_ ¢(fi) _( C}, 

L I =  {f i •Pk(N) :  - C _ ~ ¢ ( ~ )  <0}.  

By Ramsey theorem (see e.g. [BL]) there exists an increasing sequence of 

positive integers {a (U} such that if 5 is formed with elements in {a (U } then 

¢(fi) is in one of the subintervals [-C, 0] or [0, C]. Suppose for instance in [0, C]. 
Consider now the partition of pk ({a(t)}) 

K2 = {fi • Pk({aO)}): 0 _< ¢(fi) _< C/2}, 
L~ = {fi • Pk({a(1)}): C/2 < ¢(fi) _< C}. 

Again by Ramsey theorem there exists a subsequence {a (2)} of {a O)} such 

that for all fi formed with elements of {a (2) } we have that, for instance, ¢(fi) • 

[0,ct2]. 
In an iterative way we obtain subsequences (a~ k) }n for every k • 51. Then, we 

consider the diagonal sequence (a  (n)} and denote A = {a(n)}. By construction 

there exists 
k k 

F(E aiei) = lim P(~-~ aix,~ ). 
n l < . . . < n k ; n i E A  ~ • 

i = 1  i = 1  
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By a diagonalization procedure we may obtain that  there exists an infinite 

subset B of N such that for every al . . . .  , ak • Q, there exists 

k k 

P ( E  aiei) = lim P('~'-" ai:rn~). 
nl  < . . . < n k ; n i E B  

i----1 i = 1  

Since Q is dense in R and P is uniformly continuous on bounded sets of X it 

follows that there exists 

k k 

I?(E a,e,) = lim P ( E  alxn,) 
nt  ( . . , ( n k ; n i E B  

i = 1  i = 1  

for every k • N and every a l , . . . , a k  • R. Without loss of generality we may 

consider that  B = N taking a subsequence of {xn} that will have F as spreading 

model too. Now, define 

k k 

P ( E  a,e,) = lim P ( E  a,x,,). 
n l  < - . . < n ~  

i = 1  i = 1  

Then P is defined on the space E of all finite linear combinations of {en} and 

by construction 
k k 

P ( E  aie~) _<[[ P [[ . L ( E  alei) N 
i = 1  i = 1  

for every k E N and every al , . . . ,ak E R. In order to prove that  P is an N- 

homogeneous polynomial on E by [BS] we only need to check the following: 

(i) For every fixed a, b E E the function P(a + tb) is a polynomial in t of degree 
m m 

at most N. Indeed, choose m E l~l such that a = ~=1 a~x~ and b = ~i=1 b~xi; 
then 

P(a + tb) = lim Pn, . . . . . . .  (t) 
"O,l ~ , . . ~ n r a  

where Pnl . . . . . . .  (t) = P(~F_,i:l(ai + tbi)x,~,) is a polynomial of degree at most N 

in ~[. Then P(a + tb) is a pointwise limit of polynomials in R of degree at most 

N. 

(ii) P(ta) = tNp(a), and this is clear. 

Since E is dense in F and P is uniformly continuous on bounded sets of E we 

can extend P to an N-homogeneous polynomial from F into R and by continuity 

we have 

I P(x) [-<l[p [[" II x [I y for every x • F. | 
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PROPOSITION 1.9: Let X be a Banach space with unconditional basis {xn}. 

Suppose that there exists an N-homogeneous polynomial P on X such that 

P(xn)  >_ a > 0 for every n E N. Then the sequence {xn} admits a lower 

N-estimate. 

Proof'. We consider X the complexified space of X, endowed with the norm 

II x + i y  II = sup II xcosO+ysinO II 
0<0<1 

Then {xn} is an unconditional basis in X and P admits a unique extension to 

a polynomial/5 from )( into C, and there exists a N-linear continuous map A 

from )( × . . .  × )( into C such that P(x) = A ( x , . . . ,  x) for all x e )(. 

Let {sn(t)} be the Generalized Rademacher Functions introduced in [AG]. 

These functions are defined as follows: Fix N C N, and let a l  --- 1, a 2 , . . . ,  aN 

denote the N-roots of unity. Let Sl: [0, 1] ~ C be the step function taking the 

value aj on (L~gl, N i )  for j = 1 , 2 , . . . , N .  Then, assuming that  sn-1 has been 

defined, define sn in the usual way; fix any of the N n-1 subintervals I of [0,1] 

used in the definition of s,~-l, divide I into N equal in te rva ls /1 , . . . ,  IN, and set 

8 n ( t )  = O~j if t e Ij. The sequence of functions {sn} satisfies that I sn(t) I= 1 

and they are orthogonal in the sense that for every k l , . . . ,  kN 6 N 

f01 {1,  i f i l  . . . . .  iN, 
Sil(t) . . .SiN(t) = 0, otherwise. 

Then, if a l , . . . ,  an E R, 

cr ~_, l ai I N < l ai I N P(x l )  = P(I al ]xl) = P(  l ai I si(t)x~)dt 
i=1 i=1 i = I  i=1 

/o ) = A l ai I s i ( t )x , . . . ,~-~la i  I si(t)xi dt  

i----1 i=1 

/o 1 --- II A I1" II l al I s~(t)xi N<I] A H CN H a~xl II N 
i=1 i=1 

where C is the basic constant of {xn}. Therefore {xn} admits a lower N-estimate. 
| 

LEMMA 1.10: Let X be a Banach space and let {yn} be a normalized 7:'N-l-null 

sequence in X, where N is an odd integer. Let P1 , . . . ,  P8 be N-homogeneous 
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polynomials on X and let e > 0. Then there exist ~? • N and a subsequence {xn} 

of{y~} such that I Pi(xn - xm) I< e, if  T/< n < m and i = 1 , . . . , s .  

Proof: Let {x,~} be a subsequence of {Yn} that  admits a spreading model F with 

fundamental sequence {en}. Taking a subsequence if necessary, by Theorem 1.8 

there exist polynomials P1 , . - . ,  P8 associated to P 1 , . . . ,  Ps, verifying 

k k 

Pr(Eajej) = lim P~(EajXn~)" 
n l  < . . . < n  k 

j = l  j = l  

Let us denote c~ = limn~ P,.(xn~) = P~(en) for all n • N and each r = 1 , . . . ,  s. 

We are going to see that  

k k 

(1) 
j = l  j = l  

for every r = 1 . . . .  , s  and every a l , . . . , a k  • R. 

Fix a l , . . . , a k  • ~. Then 

k k k - 1  j 

P ' t E  ajxn,) = E af  P.(x.,) + E C ' ( E  aix,~,;aj+,x,~,+,), 
j = l  j = l  j = l  i=1 

where C,.(x; .) is a polynomial of degree strictly less than N. By Proposition 1.2, 

{x,}  is a PN_l-nul l  sequence. Using the same procedure as in Proposition 1.1, 

if 5 > 0 and m • 1~1 are given we can choose m < nl  < . .-  < nk such that  

J 
(2) I G(Ealx,~,;aj+lX,~+,) l< ~" 

i=1 

Therefore, since there exists 

lira P~( a j x~ ) -  at~P,(x~j) = lira P~(~-~ a~x~j)-a~ a~ 
n l < . . . ( n  k n l < ' " < n k  k j=l j=l j j=l j=l 

by (2) this limit has to be necessarily 0, and this proves (1). Then P , (e l  - e2) = 

a t (1  N -4- ( - 1 )  N) = 0 and there exists, by definition of P~, some ~/•  51 such that  

if r /<  n < m, 

I P~(x.  - zm) I< 

for every r = 1 , . . . ,  s as we required. | 

We need the following result analogous to Lemma 1.6. 
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LEMMA 1.11: Let X be a Banach space and let {xn} be a normalized sequence 

that is PN-l-nul l  but is not PN-null. Then {xn} has a subsequence with a lower 

r-estimate for every r > N.  

Proo~ Taking a subsequence if necessary we may suppose that there exists an N- 

homogeneous polynomial P on X such that P(xn)  _> 1 for all n and {x,~} admits 

a spreading model F with fundamental sequence {en}. By Theorem 1.8 there 

exists an N-homogeneus polynomial • on F such that,  in particular, P(en) _> 1 

for all n. By Proposition 1.9 the sequence {en} admits a lower N-estimate in F.  

The result now follows from [G J]. | 

THEOREM 1.12: Let X be a Banach space without any isomorphic copy of Co. 

Suppose that l (X)  = N is an odd integer. Then X is not HP-smooth if  p > N.  

Proof: We may suppose that N < p < N -t- 1. Since X does not contain Co, X 

is UHP-smooth by Theorem 1.4. On the other hand by Proposition 1.2 every 

polynomial of degree at most N - 1 is weakly sequentially continuous. Two cases 

may be given: 

FIRST CASE: Every polynomial of degree N is weakly sequentially continuous 

at zero. Then every weakly null sequence in X is Pg-nul l  and by Proposition 1.1 

it follows that X has property Sp. This is impossible since p > N. 

SECOND CASE: There exists an N-homogeneous polynomial on X that  is not 

weakly sequentially continuous at zero. Let (xn} be a weakly null normalized 

sequence and let P be an N-homogeneous polynomial on X such that  P(xn)  >_ 

a > 0 for all n. By Lemma 1.11 we may suppose, taking a subsequence, that  

(xn} has a lower r-estimate for all r > N. Fix q such that N < q < p. There is 

a constant D > 0 such that  if a l , . . . ,  a,~ E R, 

(3)  ( Z  l a~ Iq) 1/q ~_~ OII aixi 11. 
i=1 i=1 

Now consider a UHP-smooth function f from X into R such that f (0)  = 0 and 

f ( x )  = 2 if II x II > - 1 There is a constant C > 0 such that for all x , y  E X 

II fN)(x)  -- fN)(y)  I[~ C II x - y II p - N  

Denote by Pk(x) the Taylor polynomial of degree k of f at x, and let QN(x) = 
~")(x) 

N~ 



334 R. G O N Z A L O  A N D  J. A. J A R A M I L L O  Isr. J.  M a t h .  

Next we are going to construct  by induction a block basis {y .}  of {xn}. Let 

e > 0 be fixed and N < q < p. Then  there exists 0 < a < 1 such tha t  if 

II h II_< 
II sN)(x + h) - sN)(x) I!<_ I Ih  I[ q - N  . 

Let Yo = 0 and consider 

• ~"0 = { P N - I ( O ) ( E I " )  : E1 = -}-1}, 

GO = { Q N ( 0 ) ( S a ' ) :  ~1 = =1=1}. 

Since Go is a finite set of polynomials  of degree N it follows from Lemma 1.10 

tha t  there exist an infinite set A1 of N and some ~? E N such that  

1 for all n l , m l  E A1 with q < nl  < ml ,  and all Q E Go. I Q(axnl --aXm,)I< ~, 

Since )r0 is a finite set of polynomials  of degree at most  N - 1 and { a x n }  is 

79N_1-null we may  choose n l , m l  E A1 such tha t  q < n l  < ml  and 

1 for all P E 5Co. I P(c,x,~, - c ,  xm,)I<  ~, 

Then,  we define yl -- axn~ - C~Xm~. Once we have constructed Yk = c~x,~ - 

axmk with mk-1  < nk < mk for 1 < k < r, consider 

j r  = { P N _ l ( E  eiyi)(er+l.): ei = :J:l,i = 1 , . . . , r  + 1}, 
i=1  

~ = { Q N ( ~ e i y i ) ( e r + i ' ) :  ei = + l , i  -- 1 , . . . , r  + 1}. 
i=1  

We may  choose n~+l, mr+ l  E 1~, with m~ < n~+l < mr+ l  such that  

1 
IQ(c~x~+x--axm~+~) I < 2~+---- ~ for every Q E ~ u G~. 

Now define Y~+I = c~xn~+~ - ~x,~.+~. Then, since II Y~ II-  < 2a  for each r, 

r r - -1  r ~'--1 r - -1  

i = 1  i=1  i= 1  i=1  i----1 

r - 1  r - 1  

-}- P N - I ( E  ~iYi)@rYr) q- Q N ( E  giYi)(Yr) ~- g it Y" I1, q " } - 1 / 2 r + 1  q- 1 /2 r - I - l "  

i=1  i= 1  
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Since {xn} is a basic sequence, we have that {[[ Yi [[} is not convergent to zero. 

Since X does not contain Co, by the results of Bessaga-Pelczynski in [BP] the set 

K = { ~ - ~ i y ~ : e i = ± l ,  rEI~}  
i=1  

is not bounded. Therefore there exist a choice of signs ei = +1 and r E N such 

that 

I[ E ~ i Y l  [1< 1 and 11 eiyi 1]>_ 1. 
i = 1  i = 1  

Then, using (3), 

Now, 

r - - 1  r - - 1  r - - 1  

E II II q -< + _< + 
i----1 i = l  i = l  

r - - 1  

<_ 2qD q 11 E e i ( a x n , -  axm,) Nq< (2D) q. 
i----1 

/ .  

2 =[ f ( E e i y ~ )  - f(O)I<_ e(2D) q + ~ a  + 1 < ¢((2D) q + 1 )+  1, 
i = 1  

1 and by choosing e < (2u)q+l, we get a contradiction. | 

Analogous results can be also obtained for u(X) instead o f / (X) ,  as we shall 

see in the following theorem. 

THEOREM 1.13: Suppose that X is a Banach space that does not contain any 

isomorphic copy of co and u(X) < co. 

(i) If  u(X) is not an even integer then X is not HP-smooth for p > u(X). 

(ii) f l u (X )  = 2n is an even integer and X is HV-smooth for some p > 2n then 

X contains an isomorphic copy of £2n. 

Proof: Consider N the greatest integer less than u(X) and let u(X) < p < N + I .  

Suppose that X is HP-smooth; in particular X is not a Schur space and there 

exist weakly null normalized sequences in X. Two cases may be given: 

FIRST CASE: There exists a weakly null normalized sequence {Xn} that  is PN- 

null. Since X is HP-smooth, by Proposition 1.1,{xn} has a subsequence {xnk } 

with an upper p-estimate. Let p > q > u(X); since X has property Tq, some 

subsequence of {xn~ } should have a lower q-estimate and this is impossible. 
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S E C O N D  CASE: No weakly null normalized sequence in X is Pg-null. It follows 

from Lemma 1.11 that  X has property T~ for all r > N and then u(X)  = N.  

Now fix N - 1 < r < N. Since X has not property Tr, there exists a sequence 

{x~} such that no subsequence of it has a lower r-estimate, and again by Lemma 

1.11 {x~} is Pg_l-nul l .  In the case that N --- 2n is an even integer we obtain 

from Proposition 1.1 and Lemma 1.11 that {x~} has a subsequence equivalent to 

the unit vector basis of e2~. In the case that N is an odd integer we proceed as 

in Theorem 1.12 to obtain a contradiction. | 

As a consequence of the main theorem we obtain the following 

C O R O L L A R Y  1.14: I f  X is a Coo-smooth Banach space that does not contain an 

isomorphic copy of Co then l (X)  = 2n and u (X)  = 2m are even integers. Besides, 

the following are equivalent: 

(i) X contains an isomorphic copy of f2k. 

(ii) There is a subspace Y of X such that l (Y)  = 2k. 

(iii) There is a subspace Y of X such that u(Y)  = 2k. 

In particular X contains a copy of ~2,~ and ~2m" 

2. C ° ° - s m o o t h  spaces  w i t h  s u b s y m m e t r i c  basis 

In this section we are going to see that the existence of a subsymmetric basis has 

a strong impact on the structure of C~°-smooth Banach spaces. 

Recall that  a basis {e~} of a Banach space X is said to be s u b s y m m e t r i c  

if it is unconditional and, for every increasing sequence {n~} of integers, {e~,} 

is equivalent to {en}. It is well known (see e.g. [LT1]) that if X has a sub- 

symmetric basis then it admits an equivalent norm for which {e~} is invariant 

under spreading, that is 

k k 

i = l  

for every k E N and a l , . . .  ,ak E ~ We shall always consider this norm on X. 

THEOREM 2.1: Let X be a Banach space with subsymmetric basis {ek}. Assume 

that X does not contain any isomorphic copy of Co and contains an isomorphic 

copy of ~2,~. Then X is C 2n-smooth if and only if  X is isomorphic to ~2,~. 

Proof: Suppose that  X is C2~-smooth. Then X is superreflexive (see, for in- 

stance, [DGZ]) and therefore {ek} is weakly null. Now two cases may be given. 
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FIRST CASE: There is an integer m,2  < m _< 2n, such that  {ek} is 50,~_1 - 

null and is not 7)m-null. Combining Propositions 1.1 and 1.9 we obtain that  

{ek} has a subsequence with both a lower and upper m-estimate. Since {ek} is 

subsymmetric it follows that X is isomorphic to gm and therefore m = 2n. 

SECOND CASE: The sequence {ek} is P2n-null. Since {ek} is subsymmetric, the 

spreading model built over {ek} coincides with X. Therefore if P is a polynomial 

of degree 2n on X and P is the associated polynomial given by Theorem 1.8, it 

is easily seen that 

k k 

(4) I F ( E  aiei) = lim P ( E  aien,)= 0 
n l  < . . .< n~  

i = 1  i = 1  

for every k E N and every a l , . . . ,  ak E •. 

By a standard perturbation argument we may choose a normalized block basis 

{xk} of {ek} that is equivalent to the unit vector basis of g2n. There is a sequence 

of finite integers blocks F1 < F2 < . . .  such that 

xi = E ajej. 
jEF~ 

Now let f be a C2n-smooth function such that f (0)  = 0 and f (x )  = 3 if 

II x ]1_> 1. Let e > 0 be fixed and let P(x) denote the Taylor polynomial of degree 

2n of f at x. For x E X consider 

A(x) = sup{~ _< 1: II f2")( x + h) - f2")(x) II< e, ll h ][<_ $} 

~(0) By (4) we may choose an injection We start with Yo = 0 and let a l  = 2 • 

al: /'1 --+ N such that a l ( j )  < a l ( j ' )  i f j  < j '  and 

1 
I P (0 ) ( a l  E aje° ,o))I< -~. 

j E F 1  

Then define Yl = al ~-~jerl ajeal(J)" Suppose we have constructed ai: Fi ---+ N 

for i = 1 , . . . , r  such that ai(j) < ai(j') if j < j' ,  al(F1) < . . .  < a~(F,) 

and Yi = ai ~jeF~ ajea,(j) where ai = }A(yl + . . .  + Yi-1). Then we consider 

P(Yl + "'" + Y~) and again by (4) we can choose an injection a~+l: F~+I ~ N 

such that  cr~+l(j) < a~+l(j ' )  i f j  < j', a~(F~) < a~+l(F~+l) and 

1 
I P(Yl + " "  '{- yr) (ar+l  E aje~,.+,(j))I< 2r+l ,  

jEF.+~ 
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where a~+] = ½A(Yl + . . -  + y~). Now define 

Y r + l  = Olr+l  E ajear+ l(j)" 
jEF~+I 

Then 

(5) 

r r--1 r r--1 r--1 

i :(E.,)-  :(E :(E :(E P(E I 
i = l  i=1  i=1  i=1 i=1  

r - - 1  
1 2~ 1 

+ I P ( ~ w l ( w ) I  < _ ~ II w II ~" + 2 - ~  = ~a~ + 2~+--~ 
i=1 

Since {xn} has a lower 2n-estimate, there exists C > 0 such that 

l a~ I~"< c II Z a~x~ II ~" 
i=1  i=1 

and therefore 
T T 7" 

I / ( ~ y ~ )  / (0 ) j<  ~ ( ~  I ~  I ~" - + 2 - ~ )  < c~ IJ Z ~ , x ,  II 2n +1 
i=0  i=0  i----0 (6) 

= e C l l E a i E a j e j l l 2 n + l = e [ [  aiEajea,( j )  ll2n+l. 
i=0  jeF,  i=0  jEF~ 

Suppose that  the set K = { ~ : = 1  Y,~: r e N} is bounded. Since {yn} is uncon- 

ditional and X does not contain Co, by [BP] the series ~i~=l Yi is unconditionally 

convergent and K is relatively compact. Therefore 

A(K) = sup{5 < 1: II f2")( x + h) - f2n)(x) II< ~, II h Jl< 5, x e K} > 0 

and an >_ A(K)/2 > 0 for all n. But this is impossible, since a,~ <[I Y,~ II and the 

sequence {[[ yn [[} is convergent to 0. 

Hence K is not bounded and we may choose r E N such that 

r - - I  r 

[I E Yi 11_ < 1 and 11 E Yl H> 1. 
i=1 i=l 

From (5) and (6) we obtain that 

7" 

3 - - i / ( ~  y,) - I(o) l 
i=1 

r v--1 v--1 

<l f ( E Y i )  - f ( E Y i )  l+ [ f ( E Y i )  - f(O) 1<_ e(C + 11 + 2. 
i=1  i=1 i=1  
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1 It follows a contradiction by choosing e < C+I"  I 

By using Corollary 1.14 and Theorem 2.1 we obtain 

COROLLARY 2.2: Let X be a C°°-smooth Banach space with subsymmetric ba- 

sis. Then either X contains an isomorphic copy of e0 or X is isomorphic to g2,~ 

for some integer n. 

Remark 2.3: We note that  Coo-smooth Banach spaces containing co and with 

subsymmetric basis need not be isomorphic to e0. Consider for instance the Orlicz 

sequence space hM where M(t)  = t exp{-1/ t} .  As shown in [MT2] the space hM 

is Coo-smooth, has symmetric basis and contains co but is not isomorphic to Co. 

Next we are going to apply our results to some well known classes of Banach 

spaces with symmetric basis. Recall that a basis is said to be symmetric if it is 

equivalent to each of its permutations. Every symmetric basis is subsymmetric 

[LTI]. 
Let M be an Orlicz function that  satisfies A2-property and gM the Orlicz 

sequence space associated to M. The lower Boyd index associated to M (see, 

e.g., [LT1]) is defined by 

u  (vl: 0 < u, v < ccj.~, 

For these spaces l(gM) = (~M (see [K]) and it is shown in [Ma] that gM is Hq- 

smooth if q < l(~u). The exact order of smoothness of ~U has been computed 

in [Ma], [MT1] and [MT2]. Some of the results obtained there can be derived as 

a consequence of Theorem 2.1. 

COROLLARY 2.4: Let gM be the Orlicz sequence space associated to an Orlicz 

function M that verifies the A2-property. 

(i) IlC aM = 2k is an even integer and gM is C2k-smooth then gM is isomorphic 

to g2k. 

(ii) gM is HaM-smooth i f  and only f i l  M has property SaM. 

Proof'. (i) Since gM has symmetric basis and contains g2k [LTa], the result follows 

from Theorem 2.1. 

(ii) By combining the results in [Ma] and [K] we obtain that  if l M has property 

SaM then X is HaM-smooth. The converse follows from Lemma 1.3. | 

Let d(w, p) be the Lorentz sequence space associated to a real decreasing to 

zero sequence w = {w,~} and p > 1 (see [LT1]). Since d(w,p) contains gp, it is 
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not H%smooth if q > p and p is not an even integer. Using again Theorem 2.1 

we obtain 

COROLLARY 2.5: The Banach space d(w, 2k) is not C2k-smooth. 

Remark  2.6: Let X be a Banach space without any copy of Co and such that 

l (X)  is not an even integer. We have seen in Section 1 that, in this case, l (X)  

is an upper bound for the order of smoothness of bump functions on X. This 

bound is sharp for sequence spaces such as X = £p, X = £p @ £q or X = £M. 

Indeed, in these cases X is H~-smooth for r < l (X)  and X is not Hr-smooth 

for r > l (X) .  On the other hand there are examples where X is not Hr-smooth 

where r = I(X); consider for instance the Orlicz sequence space ~M associated to 

the Orlicz function M(t )  = - t  v logt (1 < p < co). Here l(~M) ----p and using [K] 

and Lemma 1.3 it follows that ~M is not HP-smooth. 
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